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Abstract. We formulate and prove the special case of Serre duality involved 
in the Borel-Bott-Weil theorem in the language of equivariant Kasparov theory. 
The method is to combine the Atiyah-Singer index theorem and the framework 
of equivariant correspondences developed in another paper by the first author 
and Ralf Meyer. The twisted Dolbeault cohomology groups of the flag variety 
figuring in the Borel-Bott-Wcil theorem arc interpreted as the equivariant an- 
alytic indices of an appropriate family of equivariant elliptic operators. These 
analytic indices are equal to their topological indices by the Aityah-Singer 
theorem and we prove our result by by purely topological calculations with 
the topological indices. The key point in the proof is the construction of a 
family of equivariant self-correspondences parameterised by the Weyl group. 
These intertwine the topological indices up to the sign change and shift factor 
predicted by the Borel-Bott-Weil theorem. 



1. Introduction 

Let G be a complex semisimple Lie group and B C G a minimal parabolic sub- 
group. Let n he a weight for G and Ef^ the corresponding induced holomorphic 
line bundle on the holomorphic G- manifold G/B. The Borel-Bott-Weil Theorem 
computes the Dolbeault cohomology groups K* {G/ B, E^). More specifically, since 
G acts holomorphically on G/B, the Dolbeault cohomology H* {G/ B, E/^^) deter- 
mines a virtual representation of G, and it is this representation which the theorem 
computes. In this note, we formulate and prove a close relative of the Borel-Bott- 
Weil Theorem in the framework of equivariant correspondences and equivariant 
KK-thcory. 

The Borel-Bott-Wcil Theorem can be broken down into two parts. Firstly, one 
can compute H*(G/i?,i?^) in the case where /i is a dominant weight. In dimension 
0, this is the classical Borel-Weil Theorem; in higher dimensions the cohomology 
vanishes. Secondly, the general case can be reduced to the dominant case by re- 
peated application of Serre duality. This yields a (degree-altering) isomorphism 
between the cohomology groups H* {G/ B, E^) and K* {G/ B, E^'), where /i' is any 
weight in the orbit of /i under the shifted Weyl group action. It is this 'duality' as- 
pect of the Borel-Bott-Wcil Theorem which we are interested in. We will construct 
elements of equivariant KK-theory which implement K-homology maps analogous 
to the family of isomorphisms above. 

We will make crucial use of the theory of equivariant correspondences developed 
in [lOj . However, the only equivariant correspondences we will be using have a 
special form. If K is a compact group, acting holomorphically on smooth complex 
manifolds X and Y, with X compact, then a K -equivariant holomorphic corre- 
spondence from X to y is a quadruple {M,b, f, S,) where M is a smooth complex 
manifold, with a holomorphic action of A', ^ G Kq [M] is an equivariant K-theory 
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class, and b: M ^ X and f : M Y are holomorphic maps. Such correspondences 

are sometimes denoted X ^ (Af, ^ Y. Subject to a further technical condition 
they can be shown to yield canonical morphisms in the equivariant topological Kas- 
parov group KK^ {X, Y) defined in fTU] , which itself consists of equivalence classes 
of more elaborately-defined correspondences. Holomorphic correspondences in gen- 
eral position with respect to each other can be composed in a very simple way using 
transversality, and the induced morphisms in KK^ compose in the same way. Fi- 
nally, there is a functor kk^ —>■ KK^ from topological to analytic Kasparov theory, 
so holomorphic correspondences yield morphisms in the analytic theory. 

Now wc can explain how to make the bridge between the objects involved in the 
Borcl-Bott-Wcil theorem and equivariant Kasparov theory. This bridge is literally 
supplied by the Atiyah-Singer index theorem for the twisted Dolbeault operator, 
understood as a iiT-equivariant elliptic operator on G/ B, where if C G is a maximal 
compact subgroup of G. This approach, featuring the compact subgroup K rather 
than the ambient group G itself, is consistent with the original formulation of Bott's 
theorem ([3]), which computes the cohomology groups }i*{G/B,Ef^) as graded K- 
representations, instead of G-representations - the formulations of the theorem 
in terms of G and in terms of K are related by Weyl's Unitary Trick, while in 
the context of equivariant Kasparov theory they are related by the Baum-Conncs 
conjecture. 

The /i-twistcd Dolbeault cohomology of X as a virtual if-rcprcsentation is the 
same as the X-index {G/ B)^ S R(if) in the sense of Atiyah and Singer [T] of the 
Dolbeault operator d + d* made sclf-adjoint using a Jf-invariant Hcrmitian metric 
on the tangent bundle oi G/B, and twisted by i?^. It follows from the general yoga 
of equivariant index theory that a A'-cquivariant self-adjoint elliptic operator deter- 
mines a homology class in the equivariant Kasparov KK-group KK^ (C(G/i3), C) 
(see [13] for an introductory treatment to K-homology and elliptic operators, or the 
papers of Kasparov, e.g. }16j . which discuss the equivariant case). The K -index of 
such an operator depends only on this equivariant K-homology class. In fact the 
equivariant KK-group KK^(C,C) is isomorphic to the representation ring K{K), 
and this identifies the X-equivariant analytic index map of Atiyah and Singer with 
the map 

KK^(C(A:),C) ^ KK^(C,C) ^ R{K) 

induced functorially from the map of X to a point. 

Wc now return to holomorphic correspondences. Let _B be a minimal parabolic 
subgroup. Let fihc a root, ii'^j the corresponding iiT-equivariant complex line bundle 
on G/B, [Efj] G K^f (G/i?) the corresponding K-theory class. This data constitutes 
a if-equivariant holomorphic correspondence from G/B to a point by setting M := 
G/B, ^ := [Ei^i], 5 = id and / the map to a point. We obtain from this a canonical 
class 

(1.1) [G/B]^ eKK^(G/B,*) 

in the topological ii'-equivariant K-homology of X; we call this the topological fun- 
damental class of G/B twisted by the root fi. The topological index of this class in 
KK^(*, ★) is obtained by composing with the map from G/B to a point. It is thus 
represented by the holomorphic correspondence ★ <— {G/B,E^) ★ from a point 
to itself. What is essential is that the Atiyah-Singer index theorem identifies the 
if-equivariant analytic index [G/B)^ £ KK^^(C,C) = R(Ar) of the ii^^-twisted Dol- 
beault operator, which is the main object of interest, with the image under the map 
KK^(*, ★) — s- KK^(C, C) of the topological index class. Even better, the strength- 
ening of the Atiyah-Singer theorem by Kasparov in |15| implies that the image in 
KK^(C(G/B),C) of the topological fundamental class [G/B]^ e kk^ (G/B,*) of 
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agrees with the class of the twisted ilT-equivariant Dolbeault operator, though 
this strengthening is not vital for our present purposes. 

Our main goal is to compute the dependency of the iiT-equivariant analytic in- 
dices {G/B)f^ as a function of different weights ^ within the same orbit of the shifted 
Weyl group action. By the paragraph above wc can work with the corresponding 
topological indices instead. Our problem becomes purely topological. 

Let [) be a Cartan subalgebra of the Lie algebra q of G, and let Tw C f)* be 
the lattice of weights. The Weyl group is a reflection group acting on [}* which 
preserves Tw- Let A"*" C T\y be a choice of a set of positive roots for G, which 
brings with it a generating set of simple reflections for W . (See Section 12.31 for 
these preliminaries.) The minimal word length in these simple reflections defines a 
length function on W which is denoted Z : ^ N. 

Up to conjugacy, the minimal parabolic subgroup B d G is the subgroup with 
Lie algebra fa = t) © 0QgA+ 0"' where is the a-root space of the Lie algebra of 

G. Fix p := i X;aeA+ a- 

We first formulate in explicit terms the direct analogue of the classical result. 

Theorem 1.2. Let G be a complex semisimple Lie group, B the maximal parabolic 
subgroup, K the maximal compact subgroup. For any weight ^ of G and any w € W , 
the identity 

(-l)'(-)(G/i?),^(^+,)_, = {G/B)^ G R{K) KK^(C,C) 
holds in R(i^ ) . 

As explained above, the proof technique is to work with the topological indices in- 
stead. We use the same notation for these, e.g. (G/B)^ £ kk^'''(*, *) also designates 
the class of the K-equivariant holomorphic correspondence ★ ^ {G/B, E^) 

Theorem 11.21 follows from a kind of intertwining formula involving other holo- 
morphic correspondences. These are defined as follows. The Weyl group element 
w conjugates the subgroup B to another minimal parabolic subgroup S^. The 
homogeneous space G/B n B^^ admits a pair of natural iT-equivariant holomorphic 
fibrations to G/B and G/B^. Since the latter space is ii'-equivariantly biholomor- 
phic to G/B, we have realized G/B n B^, as a holomorphic fibred space over G/B 
in two different ways. In fact, in each case G/B D i?t„ is iiT-equivariantly biholo- 
morphic to the total space of a complex A'-equivariant vector bundle over G/B. 
Using the Thom class associated to one of these equivariant bundles we obtain a 
iiT-cquivariant holomorphic correspondence 

G/B <^ (G/B n T„) ^ G/B,, ^ G/B 

from G/B to itself. This yields an clement of kk^ {G/B, G/B) which we denote by 
h.{w) and call the Borel-Bott-Weil morphism with parameter w G W . The following 
theorem will easily imply Theorem ll.2|, but contains significantly more information. 

Theorem 1.3. (Borel-Bott-Weil product formula). For any weight fi and w G W, 
the identity 

(1.4) A{w) ®G/B [G/B]^ = (-l)'(-)[G/i3]^(^+p)_p G S<^(G/B,*), 

holds, where K{'w) is the Borel-Bott-Weil morphism with parameter w. 

The analogous statements hold in analytic equivariant Kasparov theory KK . 

Finally, we explain how to replace JC-equivariance by G-equivariance in Theo- 
rems 11.21 and 11.31 using the Baum-Connes conjecture. This is presumably more of 
interest to noncommutative topologists. The Borel-Bott-Weil theorem is a state- 
ment about non-unitary representations of non-compact groups. Kasparov theory 
does not admit such representations. Instead, equivariant Kasparov theory for 
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non-compact groups uses unitary, but possibly infinite-dimensional representations, 
and almost-equivariant Frcdholm operators; these are the cycles for the Kasparov 
representation ring KK'^(C,C). There is a restriction map 

KK^{A, B) KK^'(A, B) 

when _ftr C G is a maximal compact subgroup as above, by forgetting G-cquivariance 
to _fC-cquivariance on cycles. The Baum-Conncs apparatus shows this map is an 
isomorphism when A has the form A = C{G / B)®A' for some G-C*-algebra A'\ this 
follows from a theorem of Tu [32] • Since all the analytic Kasparov classes defined by 
us have this form, Theorems 11.21 and 11.31 have their counterparts with K replaced 
by G. 

This article attempts to answer a question posed by Nigel Higson he was visiting 
Victoria in the fall of 2008. We would like to thank him for his stimulating question. 

The reference |34| provides an overview of Kasparov theory, while the main source 
for this material is the papers [15] and [16j . The survey [S] surveys the framework 
of equivariant correspondences, but the main reference is [lOj . 



2. Preliminaries 

2.1. Equivariant correspondences. The environment in which the calculations 
of this paper will take place is the topological model for equivariant Kasparov theory 
developed in [TU] . In this section we will review only the parts of this theory which 
are necessary for the present work. For more detail, we refer the reader to the 
source, or to the survey paper [5] . 

A significant simplifying factor for the present article is that we will be interested 
exclusively in cquivariance with respect to a smooth action of a compact group K on 
a smooth manifold. Unfortunately, even this apparently innocent situation brings 
problems when developing equivariant KK-theory using purely topological objects 
like maps and vector bundles. The following example is a typical pathology. By a 
suhtrivial vector bundle on X we mean a direct summand of a product X x E for 
some linear representation of K, in which the i^-action is diagonal. 

Example 2.1. The integers X with the trivial action of the circle is a smooth man- 
ifold with smooth action of but has an equivariant vector bundle which is not 
subtrivial. (Use the identification X = T). 

Such simple pathologies interfere seriously with defining a composition rule for 
correspondences; in topological Kasparov theory they must be avoided. This is one 
of the reasons behind the following definition. 

Notation 2.2. Throughout this paper, if V is a vector bundle over a space X, we 
will denote the bundle projection by Try : V X , the zero section hy (y : X V, 
and the total space by \V\. 

Definition 2.3. Let X and Y be two fsT-spaces. A K-equivariant normal map 
from X to Y consists of a triple (V, E, /) where ^ is a subtrivial if-equivariant 
vector bundle over X, E is a finite-dimensional linear representation of K, and 
/: \V\ — > y X _B is a Ti'-equivariant open embedding. The trace of the normal map 
is the function f : X Y given by the composition 

(2.4) V^^^YxE 



f 

X- - - ^Y. 



EQUIVARIANT CORRESPONDENCES AND THE BOREL-BOTT-WEIL THEOREM 5 



The degree of the normal map is dim(V^) — dim(£'), if this is constant; otherwise 
the degree is not defined. 

The normal map is smooth if all bundles are smooth, and / is a diffeomorphism 
onto an open subset oiY x E. 

Remark 2.5. The definition of a normal map is a distillation of the properties needed 
to describe the wrong-way element /! G KK^ {Co{X),Co{Y)) associated to a smooth 
(suitably oriented) map f : X —> Y in purely topological terms. In general, the 
associated wrong- way morphism depends on the factorisation (j2.4p . But in many 
cases specifying the trace / and an orientation is sufficient; such is the case in the 
context of the present article. This point will be explained in the next section. For 
this reason, we will frequently blur the distinction between a smooth normal map 
and its trace. 

One can always alter a normal map (V, E, /) by adding a trivial bundle to its 
factorisation, in the following sense: given a finite-dimensional linear representation 
E' of K, replace V hyV®{X x E'), replace Ehy E®E', and / by / xids'- Such 
a modification is considered equivalent to the original one, and this equivalence 
relation is called lifting. There is a natural notion of isomorphism of normal maps 
(Vi,-Ei,/i) and {V2, E2, f2)-, given by an equivariant bundle isomorphism Vi —>■ 
V2 and linear isomorphism Ei — > E2 which intertwine the open embeddings. In 
addition, there is a notion of isotopy of normal maps, which we shall not need 
explicitly here. Together, these generate an equivalence relation, called simply 
equivalence of normal maps. For smooth normal maps, we have natural definitions 
of smooth isomorphism and smooth isotopy, which together with lifting generate a 
relation of smooth equivalence of smooth normal maps. 

A K -equivariant K- orientation^ on a normal map is a K-orientation on E and 
a K-orientation on V, both respected by the action of K . There are corresponding 
K-oriented notions of lifting (wherein E' carries a K-oricntation), of isomorphism, 
and of isotopy. For A'-cquivariant K-orientcd normal maps, the equivalence relation 
generated by these three is again just called K-oriented equivalence. There is a 
corresponding notion of smooth K-oriented equivalence. 

Let X be a A'-space. Recall ([10]) that a. K x X -space is a isT-space M equipped 
with a /C-equivariant continuous map to X . The K -equivariant K-theory of a K- 
space X with X-compact support is the Z/2-graded equivariant Kasparov group 

RK*j,^^{M) := KKf^^(Co(X),Co(M)). 

For a detailed description of this K-theory group, we refer the reader to [5] . Here, we 
merely note that when X is compact (always the case in this paper) , it agrees with 
the usual JC-equivariant topological K-theory group of M, K^(M) := KK^(C, Co(M)). 
This group has the structure of a ring, and we denote hy x • y the ring product of 
elements x and y. If, for instance, x and y are represented by equivariant vec- 
tor bundles, their ring product is represented by the corresponding bundle tensor 
product. 

Definition 2.6. Let X and Y be X-spaces. A K-equivariant correspondence from 
X to Y consists of a quadruple {M,b,f,£^) where M is a AT-spacc, b: M X 
is an equivariant map, / is an equivariant K-oriented normal map from M to Y, 
and ^ G xi-^) equivariant K-theory class with X-compact support with 
respect to the map b: M — > X. We usually use the more illustrative notation 



The notation is unfortunate but seems unavoidable, given the long history of denoting the 
maximal compact subgroup of a Lie group by K. 
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as in 0]. 

The correspondence is smooth if X, Y and M are smooth, b is smooth and / is 
a smooth normal map. 

The degree of the correspondence is the sum of the degrees of ^ and of /. 

On equivariant correspondences there are again several notions of equivalence. 
The first is equivalence of normal maps, under which the normal map / is replaced 
by an equivalent normal map, in the sense above. The second is bordism, which we 
will not need explicitly here. The third is Thom modification, which is defined as 
follows. Recall that \V\ denotes the total space of a vector bundle V . 

Definition 2.7. Let (A/, b, f,£^) be an equivariant correspondence from X toY. Let 
y be a equivariant, subtrivial K-oricnted equivariant vector bundle over M. The 
Thom modification of the correspondence along V is the correspondence (|y|,6o 
Try, / o '"■y, ""y (0 • tv), where ty S RK^jyj is the Thom class of V. 

Together, these three relations generate an equivalence relation on equivariant 
correspondences. Equivalence classes of equivariant correspondences make up the 
morphisms in an additive category kk^. For any pair of iT-spaces X and Y, 
KK^ {X,Y) denotes the abelian group of equivalence classes of equivariant corre- 
spondences from X to Y, graded by parity of degree. 

There are two basic examples of KK-^-classes. Note that the identity map on a 
_fr-space is canonically realized as a normal map (X x 0, 0, id). 

Example 2.8. If b : Y ^ X is a, proper equivariant map, we define 

6*:= [X ^ {Y,1y) ^Y] eKk^\X,Y), 

where ly is the class of the trivial line bundle Y x C, the unit in RK^^(y) = 
RK*j,{Y). 

Example 2.9. If <i> is an equivariant K-oriented normal map of degree d from X to 
y, wc define the wrong-way class of $ as 

$! [X <^ iX,lx) ^Y],e^^\X,Y) 

where Ix is the class of the trivial line bundle E X C in RK°j^{X). 

There is a natural map kk^ KK^ yielding a map 

Kkf{X,Y) ^ KK^;(Co(X),Co(y)) 

which is an isomorphism when X is smooth and compact. (There is a more general 
result, but because of pathologies related to Example 12. II this map is definitely not 
an isomorphism in general.) 

2.2. Holomorphic correspondences. In this section wc make some simplifica- 
tions in the definitions of normal map, correspondence, etc applicable in the situ- 
ation we will be interested in. The main points arc the canonicity (up to equiva- 
lence) of oriented normal maps with a given smooth trace (with certain conditions 
attached), and a composition rule involving an appropriate fibre product construc- 
tion, which applies in the presence of transversality. Many results are stated without 
proof; the reader should refer to [TU] for details. 

Definition 2.10. We say a smooth X-manifold is normal if it admits a smooth 
if-cqui variant normal map to a point. 

In particular, any compact smooth if-manifold is normal, thanks to an equivari- 
ant embedding theorem of Mostow (see [TU] ) . 
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Let K he a compact group. By a complex K -manifold we shall mean a smooth 
complex manifold X equipped with a holomorphic action of K. The tangent bun- 
dle TX has a canonical i^T-equivariant complex structure and a corresponding K- 
orientation. 

Suppose the complex i^T-manifold X is in addition normal. The normal map $ = 
{N, (j)) to a point is the specification of a smooth (in the real sense) equivariant 
embedding oi X into a real linear representation E of A', with /C-cquivariant normal 
bundle N. A AT-orientation on this normal map consists of K-orientations on N 
and E. Since N Q) X = X x E, this yields a K-orientation on TX. If this agrees 
with the K-orientation originating from the complex structure on X, we say that 
$ is oriented by the complex structure on X. 

Lemma 2.11. (c/. |10|.) Let X be a normal complex K -manifold. Up to smooth 
K-oriented equivalence, there is a unique equivariant smooth normal map from X 
to a point which is K-oriented by the complex structure on X . 

Definition 2.12. The wrong- way class (as in Example 12. 9p of this normal map is 
called the (topological) fundamental class of X, and denoted by [X]. 

Let X be a normal complex if-manifold and $ ~ (N, E, ip) be a K-oriented 
normal map to of X to a point. Let F be a complex if -manifold such that TY is 
subtrivial, and let / : X ^ F be a smooth map. In [T^, it is shown that there 
exists a smooth equivariant K-oricnted normal map with trace smoothly homotopic 
to /. Moreover, the smooth K-oriented equivalence classes of such normal maps 
are in correspondence with the K-orientations on the bundle N © f*{TY). Since 
N is K-oriented by assumption and TY is canonically K-oriented by its complex 
structure, there is a canonical choice for the if-orientation. A smooth equivariant 
K-oriented normal map from this canonically determined equivalence class will be 
said to be K-oriented by the complex structures on X and Y. 

To summarize, we have canonicity of normal data for certain smooth maps as 
follows. 

Proposition 2.13. Assume that X and Y are smooth complex K -manifolds, such 
that X is normal and TY is subtrivial. Let f : X Y be a .smooth equivariant map. 
Then up to equivalence there is exactly one smooth equivariant normal K-oriented 
map from X to Y which is both K-oriented by the complex structures on X and Y , 
and has trace in the smooth homotopy class of f . 

Next, let Mi,M2,Y be complex if-manifolds. Assume that both Mi and M2 
are normal if-manifolds and that TY is subtrivial. 

Two smooth maps /i : Mi Y and 62 : M2 — + Y are transverse if for every 
pair of points mi £ Mi and m2 S M2 with /i(mi) = 62(7712), the map T^-^Mi © 
Tm2M2 ^Tf^(^^^)Y, (Ci,6) £'mi/i(6) + -D„2 62(6) is surjective. It is shown in 
[lOj that when transversality holds, the fibre product 

Ml Xy M2 := {(TOi,m2) I /i(toi) = b2{m2)} 

is itself a smooth normal manifold and that the projection prg : Mi Xy M2 M2 is 
the trace of a smooth equivariant normal map, unique up to smooth equivalence). 

If /i and hi are holomorphic maps, the fibre product Mi Xy M2 will be a complex 
manifold, and the projection prj a holomorphic map. By Proposition 12.131 there 
is an essentially unique smooth equivariant normal map which is K-oriented by 
the complex structures on Mi Xy M2 and M2 and has trace in the same smooth 
homotopy class as the projection Mi Xy M2 — > M2. One can check that this 
orientation agrees with the K-orientation arising for general smooth, transverse 
fibre products as defined in [TU] . 
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Definition 2.14. Let X and Y be smooth complex manifolds carrying holomor- 
phic actions of the compact group K. Assume that TY is subtrivial. A holomor- 
phic correspondence from A" to y is a quadruple (Af , b, /, ^) where M is a normal 
complex A'-manifold, the maps b and / are holomorphic and A'-equivariant, and 
^ S R-K^ xi^''^) ''^^ cquivariant K-theory class with compact vertical support with 
respect to b: M X. 

Again, we often use the notation X (Af, for ^ holomorphic correspon- 

dence from A' to F. 

Wc repeat that any smooth compact AT-manifold (whether or not complex) is 
normal. Furthermore, the tangent bundle of any smooth compact manifold with 
smooth action of K is subtrivial. 

The discussion above shows that for a holomorphic correspondence in the sense 
of Definition with compact target there is a unique (up to smooth equivalence) 
smooth AT-equivariant normal map with trace smoothly homotopic to / and K- 
orientation compatible with the complex structures. Together with the other data 
we thus obtain a canonical equivalence class of AT-equivariant correspondence from 
A to y in the sense of Definition 12.61 a-^d so an element of kk^(X, Y). 

We will only use holomorphic correspondences in what follows. The lemma below 
records the fact that the class of the composition of two such correspondences which 
are general position with respect to each other, is represented by another of the 
same type. 

Lemma 2.15. Let X,Y and W be smooth complex manifolds with holomorphic 

actions of K such that TK and TW are subtrivial. Let X [M, C) ^ ^ '^'^^ 

Y ^ {M\C) be holomorphic correspondences. Assume that f is transverse 

to b' . Then the intersection product of the corresponding topological classes in kk^ 
is represented by the holomorphic correspondence 

X ^ (A/i M2,prt(0 ■ pr^(e')) W 
where pr, : Mi Xy M2 ~* Mi are the projection maps. 

Finally, wc remark that the Thom modification of a holomorphic correspondence 
using a subtrivial cquivariant holomorphic vector bundle is again a holomorphic 
correspondence. 

2.3. Complex semisimple Lie groups. Here we review some standard structure 
theory for semisimple groups and fix notation for the remainder of the paper. For 
details, see, for example, [TT] . 

Let G be a complex connected semisimple Lie group and g its Lie algebra. The 
Killing form on g is the Ad-invariant bilinear form defined by 

B{v,w) := Tr(ad(?;)ad(w)), v,w ^g. 

There exists a conjugate-linear Lie algebra involution 9 on g, called the Cartan 
involution, such that 

{v,w) := —B{6{v),w), v,w € g 

is a positive definite inner product on g; the archetypal example is the operation of 
negativc-conjugatc-transpose on 5l„(C). The +l-cigenspacc of 9 is the Lie algebra 
6 of a maximal compact subgroup A' of G. 

A 6-stable Cartan subalgebra t) is an abclian subalgebra maximal amongst those 
stabilized by 9. The associated subgroup of G is a Cartan subgroup H. Since f) 
is abelian, the elements ad{v) for v £ I) are simultaneously diagonalizable, with 
eigenvalues defined by linear functionals a G f)*. A nonzero eigenvalue a is called 
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a root and its corresponding eigenspace is denoted Qa- The set of roots will be 
denoted A. The 0-eigenspace is (), and we have 

If a is a root, then —a is also a root, and 6 interchanges and Q-a- The 
inner product on g restricts to one on (), and hence on [)*. For a generic choice of 
Ao e [)* we have {Xo,a) ^ 0. Fixing such a choice, the set of positive roots is 
comprised of those roots a with (Ao,a) > 0. There exists a basis for (}* consisting 
of positive roots, called simple roots, with the property that every positive root is 
a non-negative integral linear combination of simple roots. 

Let m := f) n t and a := im, so that m © a = f). The associated abelian subgroups 
arc denoted M and A. Characters of m which exponentiate to M arc called weights. 
They form a lattice Tw in tn' (the M-dual of m). The inclusion of m into f) extends 
to a natural identification of the complexifications mc = t). We will use this identi- 
fication without mention, in particular identifying the lattice Tw as a subset of f)*. 
Note also that A C Tw- A weight A is dominant if (a. A) > for all a E A+. 

The conjugation action of the normalizer NciH) on H induces an action 

w(A) := Ao Ad(w), {weNciH)). 

of Ng{H) on [)*, which maps weights to weights and permutes the roots. The 
quotient of Ng{H) by the kernel Zg{H) of this action is called the Weyl group 
W of G. The Weyl group is generated by the simple reflections, which are the 
reflections in the hypcrplancs orthogonal to the simple roots. The length l{w) of 
an element w EW is defined as its minimal word length in the simple reflections. 

The half-sum of positive roots p \ SQeA+ is a weight. We will define the 
shifted action of the Weyl group on t)* by 

(2.16) w®\:=w{\ + p)-p. 

The direct sum of the positive root spaces n := ®a^\+ Qa is a nilpotent Lie 
subalgebra, and b := () n is a solvable Lie subalgebra. We denote the associated 
subgroups by N and B, respectively. A Lie subalgebra of q is called minimal 
parabolic or Borel if it is conjugate to b; the same adjectives are applied to the 
associated subgroups. 

The G-space G/ B is a smooth, compact complex manifold. By restriction it 
is also a smooth i^-manifold, and K acts by holomorphic maps. Since G/B is 
compact, its tangent bundle as a if -vector bundle is subtrivial. Finally, note that 
since G = KB, the obvious map K/M G/B is a iC-equivariant biholomorphic 
isomorphism. 

3. The Borel-Bott-Weil theorem 

For a weight p. oi K , let denote C equipped with the unitary representation 
of M exponentiated from /i, and let iJ^ :— K Xm denote the corresponding 
induced iiT-equivariant line bundle over K/M = G/B. The complex if-equivariant 
vector bundle E'^ determines a class [Eff\ g Yfj^lfi / B). 

Such classes generate the equivariant K-theory of G/B in the following sense. 
A theorem of Pierre Julg provides an isomor phism K^k{G/B) ^ K°{K x C{G/B)). 
Since G = KB, the groupoids K k G/B and K D B = M are Morita equivalent. 
Hence the cross-product C*-algebras K k C{G/B) and C*(M) ^ Co(M) = Co{Tw) 
have the same K-thcory. The K-theory of the discrete set Tw consists of finite 
Z-linear combinations of weights. It is routine to check that the isomorphism 
K*{r\Y) — > K^(G/i?) sends point mass at a weight p to the class of the equivariant 
vector bundle [Efj]. 
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Definition 3.1. Given a weight /i, we define the topological fundamental class of 
G/B twisted by fi to be the class [G/B]^ g kk^ {G/B,-k) of the A'-equivariant 

holomorphic correspondence G/B ^ {G/B, E^) ★ from G/B to a point. 

Tlie reason for the terminology is that the 'untwisted' fundamental class [G/ B\ := 
[G/B]o institutes a duality isomorphism (see [TU] ) 

Kkf (G/S xX,Y)9i ^^{X,G/B X Y) 

valid for arbitrary AT-spaces X and Y. 

Remark 3.2. For example if X = Y = ^ then duality gives an isomorphism 

K"{rw) = KK^'(G/B,*). 

This can easily be verified to send point mass at a weight /i G Tw to the class 
[G/B]^. 

3.1. Borel-Bott-Weil Correspondences. Let w be an element of the Weyl group 
W = Ng{H) / Zg{H). By abuse of notation, we will also use w to denote a lift of 
this element to Ng[H) C G. The subgroup By^ := wBw~^ is independent of the 
choice of this lift. It is another minimal parabolic subgroup of G. 

Consider the homogeneous space G/B n Bw This admits two G-equivariant 
fibrations, given by the natural maps 

p : G/B n B^ G/B, 
p^:G/Br\B^ ^ G/B^. 

The nilradical of the Lie algebra of _B is n := ®aeA+ 0"- ^ct us also define the 
nilpotent Lie algebras 

■= fl-"' 

aeA+ 

n„, := Ad(it;)n= g^(„), 

aeA+ 

■= Ad(u')n~ = 9-wia), 

aeA+ 

with corresponding subgroups , N^, and . Note that B = MAN (see Section 
12. 3p . and correspondingly, B^ = MANm 

Let us put A~ := — A+. We can decompose n = rii © n2, where 

:= 0a = nnnu,, n2 := 0q n n n^; 

QGA + niu(A + ) cteA+n'uj(A-) 

are Lie subalgebras of n, with associated subgroups A^i and N2. Note that B n 
B^ = MANi. Since N is simply connected and nilpotent, the decomposition of n 
exponentiates to a decomposition of groups N = N1N2 (with the decomposition of 
each n <E N unique). 

Combining this decomposition with the usual A'AA^-dccomposition of G, we 
have the decomposition G ~ KAN 1X2, again unique for each element. It will be 
convenient to use the alternative form G = KN2N1A, which is easily obtained from 
the usual one as follows: if g ~ kb with k € K, b G AN, then b~^ G AN (since 
A normalizes N), and the inverse of the yliViiV2-decomposition of b~^ leads to the 
desired decomposition of g ~ kb. 

Let V := G X B n2 (with B acting by the adjoint representation) be the holomor- 
phic G- vector bundle over G/B. Note that as a i^-vector bundle over G/B = K/M, 
it has the form V = K x m ^2. 
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Lemma 3.3. The formula ip : [A;,x] l—^ fcexp(x).(_B n B^) defines a K-equivariant, 
biholomorphic isomorphism \V\ ^ G/B n B^ such that the diagram 



(3.4) 



\V\ - 

7T 

K/M : 



■ G/{B n B^ 
p 

= G/B. 



commutes. 

In other words, the iiT-equivariant holomorphic fibrations Try: V G/B and 
Pw ■ G/BnBw ^ G/B are equivalent in the category of if-equivariant holomorphic 
fibrations. 



Proof. To see that the map is well-defined, we compute, for any m e M, 

ip : [km, Ad(m~^)x] km.m~^ exp{x)m.{B n Bw) = k exp(x).(i? n i?u,)- 

For surjectivity, let g G G be arbitrary and decompose it as g = kn2nia according to 
the preceding paragraph. Since ni, a C b n bw, wc have g.{B n = i'Hk, log 712]). 
Next suppose [k,x] and [fc',x'] G K Xm ^2 have the same image under ip. Since 
Bf]Bw= MNiA, there exist m £ M and nia £ NiA such that 

fc'exp(x') = fcexp(x)mriia — fcm. exp(Ad(m^^x)).?7ia. 

By the uniqueness of the A'A^2A^i ^-decomposition, k' = km and x' = Ad(m~^)x, 
which is to say [fc', x'] = [fc, x]. That the map is A'-equivariant is straightforward, as 
is the commutativity of the diagram of bundle maps. The map ip can also be defined 
hy G Xb n2 ^ G/{B n B^); [g,x\ 1-* g exp{x).{B n whence holomorphicity 
follows by the holomorphicity of the exponential map. □ 

From Lemma [3.31 we deduce that the complex A'- manifold G/B D B^: admits a 
smooth A'-equivariant normal map to a point. Indeed, since G/B is compact, the 
AT-equivariant vector bundle V is subtrivial. It follows that the bundle projection 
V —>■ G/B is a smooth AT-equivariant normal map. Again by compactness, G/B 
admits a smooth equivariant map to a point, so composing these gives a smooth 
equivariant normal map G/B n B^ = \V\ to a point. 

For future purposes, we explicate the equivariant K-orientation on the complex 
equivariant vector bundle V. The spinor bundle for 1/ is S = Ac^ ~ ^ 
The Killing form defines an A/- invariant inner product on n2, and letting Ax denote 
the exterior product by x G 112 , the Clifford algebra representation 

(3.5) ni C Cliff (ni) ^ End(Acn2); c(x) := + A* 

induces a Clifford bundle representation c : V C Cliff (1^) End(S). The Thom 
class tv G (|F|) of V is represented by the pair (7r*S,c). We will denote the 
pushforward of this class under -0 by r G K'j^{G/ {B n B^)). 

Of course, this entire discussion can be repeated beginning with the projection 
Pw '■ G/B n Byj — > Bw, rather than p : G/B n B^ — > G/B. Let us mention only the 
definitions that one makes on the way. Putting 

a6to(A+)nA- 
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gives a decomposition n^, = tii © tij. With '-^ K x ]\f n'2, the map tp^ ■ [k, x'] 
fcexp(x').(i? n B^) defines a iT-equivariant biholomorphic bundle isomorphism 



(3.6) 



V,„ 



G/{B n B, 



K/M: 



G/B^ 



The complex vector bundle 14, has Thom class ty^^ ■= [(7r^S',c)], where S' = 
K Xm 9.nd c : Vu] ^ End(7r^S') is the Clifford representation. Pushing this 

class forward by ipw yields a class r„ S K\{G/B n B^). 

Since B^j is a conjugate of B, the spaces G/B^ and G/i3 are G-equivariantly dif- 
feomorphic, via the map : g.{wBw~^) i—^ gw.B. We now define a if-equivariant 
holomorphic correspondence from G/B to itself: 



(3.7) 



G/B- 



iG/BnB^,T^ 



G/B,, =" G/B. 



Definition 3.8. The Borel-Bott-Weil morphism K{w) e kk^ [G/B, G/B) with 
parameter w ^ W \s the class of the K-equiariant holomorphic correspondence 

(IS31). 

Example 3.9. If w = 1, then B n B^ = -B, rij = is the trivial subalgebra, and 
is the class of the zero bundle. Thus A(l) = id. 

3.2. The Borel-Bott-Weil Theorem: Product formula. In this section we 
prove the product formula of Theorem 11.31 Let be a weight of K and w an 
element of the Weyl group. On the one hand we consider the product of classes of 
holomorphic correspondences 



(3.10) 



G/B- 



{G/Br\B^,T^)- 



G/B^, = G/B 



G/B- 



id 



{G/B, [E^]) 



and id. 



G/B 



are transverse 



(See Definitions 13.11 and 13 . 8h Trivially the maps R.^] op^ 
and hence we can compute the composition in terms of the fibre-product construc- 
tion of Lemma l2.15l We consider the commutative diagram 



G/BOB^ Xg/b G/B 




The space at the top is equivariantly biholomorphic to G/B D B^j via the first 
coordinate projection. The inverse of this map is g.{Br\Bw) ^ {g.{BC\Bw), gw.B). 
The second coordinate projection thus identifies with 

(3.11) pi-2: G/B nB^^ G/B; g.{B n B^) ^ gw.B. 

We now pull back the K-theory classes of the two correspondences along the coor- 
dinate projections, and take their product, yielding ■ [prj-B^]. 

We recall that any character of M extends to a character of i? = MAN, for 
instance by defining it to be trivial on AN. Let ^ be a weight, with associated 
one-dimensional representation space C^, with this extended representation of B. 
The induced G-equivariant line bundle G Xb over G/B = K/M is equal, as a 
ii'-bundle, to E^ K Xm C^. 
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If we pull G Xb back by the G-cquivariant map prj of (|3.1ip we obtain a 
G-equivariant complex line bundle over G/B Ci , namely 

pr;(G xs C^) = {{g.{B n B.^), [h, z]) e [G/B n B^,) x (G Xb C^) | gw.B = h.B} , 

with the diagonal action of G. The fibre at the identity coset identifies with 
{[w, z] \ z € C^}, upon which b G B By^ acts by 

h ■ [w, z] = [hw, z] — [w{w~'^bw),z\ = [w, e^{w~^bw)z] — e"^^\b)[w, z\. 

This shows that prj-E^^ = G x BnB^ ^w(p): a-s a iiT-bundle. We will use Fy to denote 
the bundle G x bhb^ Cj/, for any weight v. 

To summarize, we have shown that the the intersection product of K-equivariant 
holomorphic correspondences in (|3.10|1 is the class of the holomorphic correspon- 
dence 

(3.12) G/B {G/B n B^„T^ ■ ^ * 

Moving to the right side of the product formula (|1.4p . we need to consider the 
class of the if-cquivariant holomorphic correspondence 

G/B [G/B, [E^@^]) ^ * , 

where, recall, w@fi := 'w{fi+p) — p. Perform a Thom modification on this correspon- 
dence using the bundle G/BnB^ ^ G/B, which Lemma [5751 tells us is isomorphic 
to a K-oriented iiT-equivariant vector bundle. One can check that = Fw^f^ 

by a more straightforward application of the argument used above. Thus, the result 
of the Thom modification is 

(3.13) G/B^^{G/BnB^,T-[F^@^]) 

Theorem 11.31 will follow if we can prove that the classes of the holomorphic cor- 
respondences p.l2p and (|3.13p are equal, after multiplication by the sign (— 1)'^™). 
This amounts to showing that the equality 

(3.14) ■ = (-l)'("')r • e At(G/i? n B,„) 

holds in the equivariant K-theory group Kq {G/ B Cl B^). In order to prove this, we 
need to mention some facts about vertical derivatives on vector bundles. 

Let ^ M be a smooth vector bundle over a manifold M. Along the image of 
the zero section C, : M ^ E there is a canonical splitting of the tangent spaces 

^ E.^ ^ T<;(„)S T„M ^ , 

DC 

for all m G M , which provides a canonical vertical projection pr^ of T^t^jy^^E onto 

Em- 

Lemma 3.15. Let e : —> E be a smooth curve such that e{0) lies on the zero 
section. The vertical component of the derivative e'{0) is given by 

pr e'(0) = \imt~^ •e(i). 

Proof. Work in locally trivializing coordinates: a chart R" D U ^ M and bun- 
dle map U X ^ E. In these coordinates, e{t) = (x{t),^{t)). Then D( o 
DTr{e'{0)) ^ (e(0); (a;'(0),0)) e Te{o)E, so pr^e'(O) = (a;(0); C'(0)). On the other 
hand, limt^o ■ e(0 = \imt-,o{x{t);t-^^{t)) = (a;(0); ^'(0)). □ 
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Now let E' M' be another smooth vector bundle, with zero section C,' . If 
/ : \E\ — > \E'\ is a smooth map (not necessarily a bundle map) which maps the 
zero section of E to that of E\ then we can define a vertical derivative of / along 
the zero section of E by 

{Dvf)m ■ Em ^ T(^(^„i)E — ^ Tyo^(,„) ^^-^ E'^,^j^^f^^y 

By the lemma, for any ^ G i?, 

(3.16) D,f{i)^\\mr^ ■ f{t-i). 

Returning to the comparison of Thom classes on G/B n S^, we recall the K- 

equivariant diffeomorphisms ip : V = K x i^[ n2 ^ G/B fl B^ and '■ Vw = 
ifxjvf 1^2 -^G/i?n Bu, of Section [XT] Let denote the composition 

^ -.V ^ G/B n Bu, K,. 

RecaU that r^, is the puUback by -0^^ of the Thom class [(7r*„S', c)] G K^^dK; |). We 
seek a description of 4'*t.u, = 4'*[(7r* S', c)] G K"^{\V\). 

Note that : [fc, 0] k.{B D Bu,) [fc, 0], so that ^E* respects zero sections. Let 
9 denote the Cartan involution of q. Since : fla — > g-a for any weight a, we have 
6 : n2 rij. Decompose x G n2 as x = (x + 9{x)) — 6{x) with x + 6{x) G t and 
6'(x) G 1X2- The Baker-Campbcll-Hausdorff formula implies that, up to error of o{t), 

(3.17) ^ : [1, tx] ^ e*('^+«W)e-*'^W [e*(-+»(-)), -t9ix)]. 

Let us identify the fibre otV ^ K Xm "2 at the identity coset [1] G K/M with n2, 
«e, abbreviate [1, x] as x. Applying Equation (|3.16p to (|3.17p . the vertical derivative 
of ^' at the identity coset is 

(3.18) i'v^'iii-x = limt-^4'([l,tx]) = lim[e*('^+''('^», -6'(x)] = -e'(x). 

Next we produce a homotopy of K-cyclcs. Define a smooth map : 1/^ x [0, 1] 
V X [0, 1] by 0(w, t) ^ {t ■ V, t). This map is /^-equivariant (where K acts trivially 
on [0, 1]). Let £ be the pullback of the vector bundle 'J'*«S') x [0, 1] by (f). The 
fibre £(v,t) is thus 5^^^,^^^.^,^. In particular, at t = 1, f restricts to \I'*7r^S'. At 
i = we have (j){v, 0) = (^ott{v), where ( is the zero section of V, and since ^ maps 
the zero section of V to that of £ restricts to {tt^ o vJ/ o C o 7r)*S' = 7r*S'. 

Define an endomorphism C of f by 

r co*(t..), MO 

' ' \ L>v(co*)^^(^).i;, t = 

This is continuous by Equation (|3.16p and A'-equivariant. By the linearity of the 
Clifford representation, 

£'v(co *)^^(„)?; = c{D^'9^^^.„yv). 

In particular, at the coset of the identity [1] G K/M, Equation p.lSp gives 

C(x,0)=c(Z?,*[i].x) =-c(^^(x)), 

where we are again identifying [l,x] G Tjj^jl/ with x G 112. If we extend the map 9 
to a map 

e-.V^V^; [k,x]^[k,~9{x)], 
then by the AT-equivariance of C we have C{v, 0) — —c{9{v)) for all v ^ V. 

Note that G{v,t) is an isomorphism off the zero section of £. Thus, the pair 
{£,^) defines a homotopy of A'j^dl^D-cycles. The cycle at t = 1 is the pullback 
"^*tv^ = ip*Tw of the Thom class ty^ = [tt^S', c] of Vw At the other end, the cycle 
is [(tT* 5', -co 6*)]. 
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Fix an ordered orthonormal basis ei, . . . , e; for n2. Recall ([321 Chapter 3]) that 
the Hodge star operator ® is the endomorphism of which sends a fc-vector 

Lo £ Ac'^a to the {I — fc)-vector satisfying 

A ®w = (0, U!)ei A . .. Aei, 

for all (f) G Ac^2- If Ax denotes exterior product by x G V^, then A* = (— 1)'+"^® Ax® 
on forms of degree k. 

Lemma 3.19. The map 

/3 : Ac"2 ^ Ac"2 

CO ^ {-l)^''^''^^'' ®uj (fc = degw) 

satisfies 

(i o c(x) o ^ -c(x) 

for all X G n2 . 

Proof. This is merely a computation. If G Ac'^2, then = (— l)'"'('~'^)a; (again, 
see [32]). Thus, 

^ ^ (_l)fe('-fc)-^('-fc)('-fe-i) ®^ 

^ (_;^)fe(i-fc)-i(;-fc)(i-fc-i)+i((-fc+i)(;-fc) (g, (g 

Since k'^ = k modulo 2, the exponent of —1 in the final expression is lk — k+{l — k) = 
Ik + I, so that /? o Ax o /3^^ ~ A*. Since (3 is unitary, the adjoint of this gives 
/3 o A* o = Ax. By Equation (|3.5p . this proves the lemma. □ 



Let us denote the set of roots of n2 by Su, := A+n?«(A~). Note that S^, contains 
l{w) elements by [HI Proposition 4.11]. With the definition p := ^J2aeA+ '^^ 
us also define 

(3.20) <7u, := p - w{p), 
noting that 

(3.21) = 




E 



E 



a 

Lemma 3.22. The n2-C'lifford module Ac:'^2 is AI -equivariantly isomorphic to the 
module Ac'^2 ® '^c^ w«t/i Clifford representation d of n2 defined by 

c'(x) : w (g) z — c(6'(x))a; ® z. 

T/ie isomorphism is even (resp. odd), with respect to the gradings on exterior prod- 
ucts by degree, if l{w) is even (resp. odd). 

Proof. Extend tensorially to a map Ac'^2 — ^ Ac'^2- By Lemma [3.191 the map 
/ : a; I— > (3{6{lj)) (g) 1 is a vector space isomorphism which intertwines the given 
Clifford representations. Let ei, . . . , e; be a basis of weight vectors for n2, where Cj 
has weight aj € S^; • For S C S-uj , let es denote the exterior product of the vectors 
Cj for j E S. Then 65 has weight J2je~ ^j- On the other hand, (3{0{es)) has 
weight — X]jeH„\s '^w which equals ( X^jes "^i) ~ '^^f Equation ()3.2ip . Thus the 
map / respects weights, ze, is M-equi variant. The parity of the map / is the same 
as the parity of the Hodge star operator. □ 
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Inducing from M to K, the isomorphism / produces a iiT-equivariant bundle 
map from S ~ K x m to S' ® = K Xm ( ® '^<y^ ) ; ^-^id hence from tt* S 

to 7r*S' ® ■K*E„^. Moreover, this map will intertwine the endomorphisms c on 7r*S 
and (—CO 6*) (g) id on 7r*S' ® tt*Ec^ . Combining this with the homotopy constructed 
earlier, we have the equality of ty and {^*tv^) ■ [n*Ecr^^] in K^^ Therefore, 

(3.23) T = • [F^J e K%{G/B n B^), 

where recall F^, denotes the bundle G XBr\B„ for u G Tw 

Note that F^(E)F^i = F^+^i for weights v' . Since w@ii. = w(/i) + (T.u,, tensoring 
both sides of (|3.23p by [-Fu)(/j)] gives 

This confirms the equality of the geometric KK-theory classes of p.l2p and (|3.13p . 
which completes the proof of Theorem 11.31 

3.3. The Borel-Bott-Weyl Theorem: Indices. We now pass to the index- 
theoretic application. Let pg/b ■ GjB — > ★ denote the map of GjB to a point 
and S KK^(C, G/B) its topological KK-thcory class. We use the same nota- 

tion for the corresponding analytic class, p^y^ G KK^^(C, C(G/i3)). 

For a weight /i, the topological K-index of the twisted fundamental class [G/B]^ G 
Kk^{G/B,'k) is defined by 

(G/B)^ := vliB ®GIB \GIB\^ e kk^(C, C). 

We do not use different notation for the analytic index {G/B)^^^ S KK'^(C,C) = 
R(/4r); which one we are talking about will be made clear by the context. The 
analytic index is the same as the cohomology group W{G/B,E^) figuring in the 
classical Borel-Bott-Weil theorem, while the Aityah-Singcr index theorem asserts 
that it is equal to the image of the topological index {G/B)^ under the map 
KK^(G/B,*) ^KK^(C(G/B),C). 

Lemma 3.24. The following formula holds in kk^(*, G/B): 
(3.25) P*g/b®g/bKw)=P*g/b- 
The direct analogue holds in KK^. 

Proof. Recall that A(w) denotes the class of the correspondence 
G/B {G/B nB^,T^) G/B^^, = G/B. 

The class is the Thom class of the complex vector bundle p^ ■ G/BDBu, G/B. 

Composing this on the left with Pq^^ G kk^(*, G/B), which is represented by 
the map to a point, gives the class of the correspondence 

* ^ (G/B nB^,T^) G/By, = G/B 

Hence Pq/q ®g/b A(w) is the class of the Thom modification of 

* ^ (G/B„„ 0) G/B^ = G/B , 

Pg / B id 

which is isomorphic to * < {G/B,0) — > G/B, whose class is Pq/b- Thus, 

Pg/b ®g/b A(w) ^P*G/B ^ KK^'(*, G/i?) as claimed. 

□ 

Let /i be a weight, and take the intersection product of both sides of p.25p with 
the twisted fundamental class [G/B]^ (on the right). Applying the natural map to 
analytic KK gives Theorem 11.21 as an immediate consequence of Theorem 11.31 
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4. G-EQUIVARIANCE versus iST-EQUIVARIANCE 

In this section wc show that the Baum-Conncs conjecture allows us to replace 
if by G in the results above, at some sacrifice of explicitncss. 

Recall (from e.g. [2]) that G/K is a model for SG, the universal classifying space 
for proper actions of G. In [H] , Kasparov demonstrated the existence of elements 

5 G KK^{Co{SG)X), 5 e KK'^(C,Co(f?G)), 
(called respectively the Dirac and dual Dirac elements) such that 5 ®c ^ = lco(^G)- 
The reverse composition 7g := 5<^Co{SG) ^ is an idempotcnt in R(G) := KK*^(C, C). 
The Dirac and dual Dirac classes are mainly useful for the following purpose. 

Lemma 4.1. Let A he a G-C* -algebra. The map 

(4.2) p*ga : KK^ {C{G / B), A) ^ KK^^^/^(Co(<?G) ® C{G/B), Ca{SG) ® A) 

= Y{KK^{SG;C{GIB),A) 
induced by the map of S'G to a point is an isomorphism. The map 

(4.3) q : KK^{Co{S'G)®C{G/B),Co{SG)(E}A)^KK^{A,B) 

X 1-^ 6 ®Co(<?G) X (E)Co(SG) S 

(after forgetting from G K S'G-equivariance to G-equivariance) is inverse to p*gQ. 
For the proof, see for example [7]. 

Now we combine the inflation isomorphism ()4.2p with the Morita invariance of 
equivariant KK-theory (see [50]) to get an isomorphism 

(4.4) KKf (C(G/B),Co(X)) ^ KK? ^«/^(Co(G/A- x G/B),e^{G/K x X)) 

^KK?(C(G/i?),Co(X)). 

The inverse isomorphism can be checked without difficulty to agree with the obvious 
map induced by restricting equivariance on cycles from G to K . 
Finally, we combine the isomorphism (|4.4p with the isomorphism 

KKf (G/B,X) - KKf (C(G/B),Co(X)) 

between topological and analytic ii'-equivariant Kasparov theory, proved in [lOj . 
valid because G/B is compact and admits a smooth equivariant normal map to a 
point. Putting everything together we obtain an isomorphism 

(4.5) KK^(G/B,X) ^KK^ {C{G/B),Cq{X)) 

valid for any G-space X, viewed as a i^-space by restriction. This isomorphism is 
of course functorial with respect to intersection products and external products. 
We continue to abuse notation, again denoting by 

[G/B]^ e KK^(C(G/B),C), K{w) e KK^ (C(G/B),C(G/B)) 

the images of the twisted fundamental class and the Borcl-Bott-Wcil morphism 
under the isomorphism (|4.5p . 

Apply the isomorphism kk^ KK^ followed by the isomorphism KK^ 
KK*^ just described, to the equation p.25p . We need to evaluate the result. The 
isomorphism KK^ KK*^ sends A(w) to the corresponding analytic class by defi- 
nition. We need to consider the image of Pq/q- First of all the isomorphism 

KK^(C, C(G/S)) ^ KK^'^^/^{Co{G/K),Co{G/K x G/B)) 

sends Pq/^ to Ic(g/k) ® P*g/b^ which is the class of the G x G//C-equivariant 
projection map pr^. j^: G/ K x G/B G/K . The inverse isomorphism of Equation 
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(|4.3p sends this to {S ®c P*g/b) ®c(sg) ^ which, by the commutativity of products 
over C, equals 1 ®cP*g/b- Therefore, the isomorphism (j4.5|l sends the analytic 
analogue of identity p.25p to the identity 

7 ®C P*G/B ®C(G/B) Hw) =^®cP*G/B- 

The left hand side equals p*g/b®c(g/b) (7®cA(w)). But 7®cA(w) = A(w) because 
multiplication by 7 acts as the identity on all groups KK'~^(C(G/i3), A) (as routinely 
follows from Lemma 14.11 ) Hence we get 

(4.6) p^/B®c(G/B) A(ii;) =7®cPg/s eKK^(C,C(G/B)). 

If wc compose this product formula with the twisted fundamental class [G / B]^ G 
KK'^(C(G/B),C), where /i is any weight, we get 

1 ®CP*G/B®C(G/B)[G/B]^, = P*G/B®C{G/B) ®C{G/B)[G/B]^, 

- {-if'^'bh/B ®C{G/B) [G/B]^^,. 

Since multiplication by 7 acts as the identity on KK*^ (C(G/i?), A) groups, the left- 
hand side of this equation is p*g/b ®c{g/b) [G/B]f^ = {G/B)^ £ KK'^(C,C). Hence 
we have 

(G/B), = ph,B®CiG/B)[GlB], - {-l)'^'"hh/B®c(G,B)[GIB]^^, 

= (-l)'(-)(G/i?)^@^, 

which proves 

Theorem Oil! KK*^ as well as in KK . 
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